We have derived, by using simple considerations, a relation between the diffusion constant D in a liquid of hard spheres and the "free volume" Vf' This derivation is based on the concept that statistical redistribution of the free volume occasionally opens up voids large enough for diffusive displacement. The relation is D= A exp[ --yv* IVf] , where v* is the minimum required volume of the void and A and -yare constants.
INTRODUCTION

A
LIQUID may solidify (i.e., become sensibly rigid) by crystallizing or, in some cases, by undercooling to an amorphous rigid, i.e., glassy, state. The course of the fluidity </>(</>=1/7]), where 7] is the coefficient of viscosity), as the liquid is cooled from the fluid to the glassy state, is represented schematically in Fig. 1 . The apparent activation energy for fluid flow tends to increase as the temperature is lowered. In the simpler liquids this increase is almost imperceptible until the glass transition is approached. Then the fluidity decreases many orders of magnitude over a narrow temperature range (glass transition range), as shown in Fig. 1 , to a value < 10-13 poise-1 associated with rigid behavior. In the case of the network liquids, Si0 2 , B 2 0 3 , etc., the fluidity often is orders of magnitude lower than that of simple liquids even above the melting temperature, and the transition to the rigid state appears to be more graduaP (see also Fig. 1) .
The factors which determine whether or not a liquid can be undercooled to the glassy state were discussed by the authors in an earlier paper. 2 The purpose of the present paper is to develop a simple explanation for the mobility of molecules in liquids and its striking decrease, implied by the fluidity behavior, in the glass transition region.
There are much fewer self-diffusion than fluidity data for liquids. In those liquids for which both kinds of data exist, the self-diffusion constant D is directly proportional to the fluidity. If, in addition, the molecules are nearly spherical, the proportionality constant is given approximately by the Stokes-Einstein rela- 
where ao is the diameter of a sphere having the volume of the molecule. It is not established whether or not this relation holds through the glass transition, but data on the kinetics of molecular reorientation processes in glasses suggest that it does. We shall assume throughout the subsequent discussion that D is proportional to </>.
The fluidity of the simpler liquids exhibits certain noteworthy features. In the first place, it varies but little with temperature and from one liquid to another. Thus the fluidity usually falls between 500 and 50 poise-1 and the corresponding diffusion coefficients between 10-4 and 10-5 cm 2 sec l • On the basis of the transition state theory of diffusion 5 it would have to be supposed that a very large fraction of the molecules (e.g., 5 to 10%) is always in the activated state and that the entropy of activation for self-diffusion is negative.
The fluidity of liquids decreases markedly with increasing pressure. In fact, Batschinski 6 noted that the fluidity of many liquids is nearly independent of temperature at constant volume. This generalization appears to hold at relatively high specific volumes for simple van der Waals liquids. 7 However, the fluidity of "associated" liquids generally, or of van der Waals liquids at small volumes, varies markedly with temperature at constant volume. 7 ,s From its pressure dependence alone one can infer that fluidity is closely connected with the average free volume per molecule Vj defined by (2) where ij is the average volume per molecule in the liquid and Vo is the van der Waals volume of the molecule. Indeed Batschinski had suggested that the fluidity increases linearly with free volume. The important role of free volume in molecular transport also was stressed in the "hole" theories of Frenkel 9 and of Eyring and his associates,lO and Fox and Floryll attributed the glass transition to the falling of the free volume below some cirtical value.
Recently Doolittle 12 found that the fluidity of many simple hydrocarbon liquids can be represented satisfactorily by a relation having a form quite different from Batschinski's, as follows:
where b is a constant of order unity. It is evident that Doolittle's equation predicts an abrupt decrease in fluidity in a narrow temperature range when Vj becomes very small. Williams, Landel, and Ferry13 have in fact shown that the relaxation times for a large number of glass-forming substances are described by the Doolittle equation in the glass transition range. They took the free volume to be (4) where Vg is the volume at the glass-transition temperature Tg and a is the difference between the thermal expansion coefficients of the liquid and the glass. F. Bueche 14 developed an explanation for the glass transition based on the concept, also used earlier by Barrer,15 that molecular transport in liquids, though requiring little activation relative to kT, occurs mainly through the cooperation of several degrees of freedom. In this paperlS we shall present an interpretation of diffusion and the glass transition in molecularly simple liquids which we believe is considerably simpler than the earlier ones. Our derivation is based on the idea that molecular transport occurs by the movement of molecules into voids, with a size greater than some critical value, formed by redistribution of the free volume. This concept is analogous to that of molecular cooperation which underlies the treatments of Bueche and Barrer.
We do not propose to present here a statistical mechanical theory for liquids, but we hope that our considerations will serve to illuminate some of the main features of molecular transport in liquids and glasses.
TRANSPORT IN A LIQUID OF HARD SPHERES
Let us first consider molecular transport in a liquid consisting of hard spheres. In such a liquid the potential energy of a molecule is constant except that it becomes infinite upon intermolecular contact. The hard sphere model actually may approximate the behavior of simple liquids rather welL It has been shown (for example, see Vineyard 17 ) that the potential between molecules is virtually flat in liquids of ordinary density if the force field around the molecule is spherically symmetric.
In such a system molecules move with the gas kinetic velocity u but most of the time are confined to a cage bounded by their immediate neighbors. Occasionally there is a fluctuation in density which opens up a hole within a cage large enough to permit a considerable displacement of the molecule contained by it. Such a displacement gives rise to diffusive motion only if another molecule jumps into the hole before the first can return to its original position. The correction for this correlation is similar to that deduced for crystals by Bardeen and Herring,I8 whose work shows that it is well within the error of the present considerations. Mangelsdorf 19 has pointed out that the validity of the Stokes-Einstein equation implies that, wben a molecule moves, its cage is simultaneously in motion. Hydrodynamic considerations then show that the actual diffusion coefficient is ! that computed relative to a stationary cage. This correction also lies within the limit of error of our present considerations.
Thus we treat diffusion simply as translation of a molecule across the void within its cage. In our view, diffusion occurs not as a result of an activation in the ordinary sense but rather as a result of redistribution of the free volume within the liquid. Our basic ideas are closely akin to those expressed in Rice's20 normal mode analysis of diffusion in crystals.
We define the free volume v of a given molecule to be the volume within its cage less the volume of the molecule. The contribution of this molecule to the diffusion coefficient is
where a(v) is roughly the diameter of the cage and g is a geometric factor. D ( v) is zero unless v exceeds a critical volume v* just large enough to permit another molecule to jump in after the displacement. Therefore the average diffusion coefficient is
where p(v) is the probability of finding the free volume between v and v+dv.
We must now find the average distribution of free volume p(v) for a system of hard spheres in which no energy change is associated with a redistribution of the free volume. The average free volume is (7) where V f is the total free volume and N the number of molecules. Let the total range of values of the free volume of a molecule be divided into small regions i having average value Vi. If Ni is the number of molecules having free volume in the ith region, we have (8) for the total free volume, and the total number of molecules is given by (9) Here l' is a numerical factor introduced to correct for overlap of free volume; it should lie between! and 1.
The number of ways of redistributing the free volume without changing the Ni is w=NvIINi!. V" we obtain in the usual way
where ;\ and.B are Lagrangian multipliers. By obtaining ;\ and.B from Eqs. (9) and (8), respectively, and passing to the continuum limit for the Vi, we obtain for p(v)
Ordinarily, v* is of order lOvf. Since D(v) is slowly varying, we may set it equal to D(v*) and obtain
D=D(v*)P(v*).
(13)
Here P( v*), the total probability of finding a hole of volume exceeding v*, is
We finally obtain On our model the diffusion constant of impurities will be governed by molecular size. If the impurity molecule is smaller than the solvent molecule (but still very large compared with VI), it will diffuse at the same rate as the solvent since the diffusive transport is completed only by the jumping of a neighboring solvent molecule into the void. If the impurity molecule is larger than the solvent, the critical void for diffusion must be correspondingly larger; therefore, in this case the impurity should diffuse more slowly than the solvent.
D= ga*u exp[-I'v*/VfJ
INTERPRETATION OF EXPERIENCE
To test the applicability of our explanation to real liquids we have first to find an expression for the free volume. To do this we shall assume that the free volume is equivalent to the total thermal expansion at constant pressure; that is, the van der Waals volume Vo is taken to be independent of temperature. Then, (16) where a is the coefficient of thermal expansion and To is the temperature at which the free volume disappears. If we replace the coefficient of thermal expansion and 
If the van der Waals volume is also independent of pressure, the pressure variation of VI should be approximately as follows: (18) where a and Vm are evaluated at /::"P=O, (3 is the mean compressibility, and vp the mean molecular volume for the pressure increment /::"P.
Substitution of (18) into Eq. (15) gives (19)
It appears that the assumptions on which Eq. (19) is based are most likely to be fulfilled for molecularly simple liquids bound only by van der Waals forces. We shall show now how well the transport data for some of these liquids are fitted by the equation. Finally, we shall discuss the description of self-diffusion data on liquid metals.
van der Waals Liquids
We have fitted the liquid state self-diffusion data of Watts et al. 21 on carbon tetrachloride and of McCall et al. 22 on two hexane isomers to Eq. (19) with the constants given in Table I . In this procedure ')'v* and To are the only disposable parameters. The fit to the data for l-atmos pressure is well within the experimental scatter over the entire temperature range for all three compounds.
The measured effect of pressure increase on D in carbon tetrachloride 21 21 found that iodine, which has a molecular volume about one-third smaller than that of CCI4, diffuses in CCl 4 at a rate only 4% greater than the selfdiffusion rate of CCI 4 • This result is in good accord with our prediction that the diffusion rate of impurity should equal that of the solvent when the size of the impurity molecule is equal to or somewhat smaller than that of the solvent molecule.
Also we have fitted our equation to data on the fiuidity23 and dielectric relaxation time 24 of undercooled i-butyl bromide: These data are of interest in that they extend well into the glass-transition range. As shown in Fig. 2 , the data are quite satisfactorily described by an equation of the form of (24) with the constants given in Table I; if the van der Waals volume were permitted to decrease slightly with lowering temperature.
It appears that the magnitudes of'the constants are reasonable in all cases. Thus, the volume v* of the critical void is near the van der Waals volume Vo or, more specifically, 0.66vo <:: v* <:: 0.86vo with 1'= 1 and 1.32vo<v*<1.7vo with 'Y=t. Also the temperature To, which might be identified approximately with the glass-transition temperature T g , is always near that which would be expected from the behavior of molecularly similar compounds; usually Tg for simple van der Waals liquids is t to I of the absolute normal boiling temperature.
We note also that the transport data for the fluid range at relatively high temperatures can be fitted approximately by setting To= ° and taking a slightly different value for 'Yv*. This results in a relation which is formally equivalent to that of Arrhenius.
Liquid Metals
We have fitted the data on self-diffusion in liquid metals at 1 atmos pressure by Eq. (19). In these calculations we have set To= ° so that 'Yv* is the only disposable parameter. The required values of 'Yv* for the different metals are given in Table II . In most cases the experimental variation of D with temperature is slightly smaller than predicted by our equation, but the deviations are well within the experimental scatter for all the metals excepting tin, for which our equation predicts a temperature coefficient about 30% larger than that found by Careri and Paoletti. 25 It is evident that in liquid metals the volume t'* of the critical void is a much smaller fraction of the atomic volume than in van der Waals liquids. When we arbitrarily set 1'= 1, we find that v* in a liquid metal is in most cases near the volume of the ion core. The radii r* of the critical voids, calculated with 1'= 1, are com- pared with the Goldschmidt radii r i for the corresponding ion cores in columns 6 and 7 of Table II. Except for sodium (for which r* / r i'" 1.3) and mercury (for which r* / r ;",0,7), r* is very near the ion core radii corresponding to the highest valence state of the metal. Hoffman 3 and Nachtrieb et at. 4 .26 had already noted that the Stokes-Einstein relation [Eq. (1) ] could be made to hold for liquid metals by taking radii for the diffusing units near those of the corresponding ion core. Earlier, Eyring and associates 5 had suggested that, for liquid metal diffusion, it is only necessary that voids exist which will accommodate the ion cores, Petit and Nachtrieb 4 found that the self-diffusion constants of gallium and mercury are relatively insensitive to pressure; for example, D decreases by about 25% for a pressure increase of 10 4 atmos. This variation is negligible compared with that (a factor of 10+ decrease of D for t:.P", 104 atmos) calculated from our Eq. (24) using the observed compressibilities, However, we note that the compressibilities of metals are relatively insensitive to temperature and, according to Bridgman 7 and Kleppa,27 increase only 10 to 20% upon melting, Further, the ratio a/(3 is about 5 times greater for metallic than for van der Waals liquids. On the basis of this we suggest tentatively that the expansion of a liquid metal which occurs on heating is primarily due to the introduction of free volume while the contraction upon the application of pressure is largely due to a uniform shrinking of the electron gas, that is, in a liquid metal the temperature coefficient of Vo is small compared with that of the free volume whereas the reverse is true of the pressure coefficients. If these ideas are correct, we expect that the free volume change t:.v:(t:.P) upon the application of a pressure might be approximated by The previous theory treating the analogous problem is developed to include rigorously the interactions between the atomic groups whose relative spatial configurations are determined by the rotational angles of two neighboring skeletal bonds. The mean-square end-to-end distances and/or the electric moments are calculated for isotactic-and syndyotactic-vinylic macromolecules as well as a few other macromolecules with similar structures. As a model for linear macromolecules is adopted, the discrete one whose each C-C bond is assumed to take only three rotational configurations (e.g., trans, galtChe, and another gauche). In such a model the problem of taking all of the interactions between neighboring bonds into account is equivalent to that of a one-dimensional cooperative system. While the partition function of this system can be obtained easily, some techniques are required to find the mean quantities under consideration. Results obtained involve the task of evaluating the trace of a certain matrix of nine degrees. Numerical calculations by a computer and discussions of the results will be given in part II of this series. The method of calculations is mainly that first proposed by H. Eyring.t 2 Direct applications of his method give useful information but involve a limitation here mentioned. As an example, consider the configurations of isotactic polypropylene in solutions. As already mentioned in the previous article,ll the probable rotational angles of two skeletal C-C bonds interposed between two neighboring substituted groups (which, following Lifson, we refer to as bond pairs) are T (trans, 8=0°) G (gauche, 8=120°) or G' (another gauche, 8= -120°) T, if we choose adequately the relative position of each substituted group to the corresponding skeletal carbon atom. The probability of having TG followed by TG is very much larger than of having it followed by G'T, since GG' involved in the latter junction has a very high energy because of the steric hindrance between methylene groups. Consequently, the probable configuration of isotactic polypropylene seems to be the alternation of considerably long sequences of TG and those of G'T on a macro-
